Here, we present the quantum version of a very famous statistical decision problem, whose classical version is counter-intuitive to many. The Monty Hall game can be phrased as a two person game between Alice and Bob. In their pioneering work, Flitney and Abbott [Phys. Rev. A 65, 062318 (2002)] showed that by using a maximally entangled system for Alice and Bob's choices, and using quantum strategies, Bob and Alice can win or lose depending on the strategy chosen by either of the players. Here we develop a new quantum algorithm with quantum circuits for playing the quantum Monty Hall game by a user. Our quantum algorithm uses the quantum principles of superposition and entanglement so that it can be efficiently played on a quantum computer. We present two schemes, one calculating the probability of winning or loss and the other determining whether a player (say Alice) wins or not.
I. INTRODUCTION
In the recent past, much interest has been developed in the discipline of quantum information [1, 2] that has led to the creation of quantum game theory [2, 3] . Quantum game theory [2, [4] [5] [6] [7] [8] [9] [10] has attracted a lot of attention during the last few years. The quantum Monty Hall problem [2] is an interesting example in this realm. The quantum game theory has been shown to be experimentally feasible through the application of a measurementbased protocol by Prevedel et al. [11] . They realized a quantum version of the Prisoner's Dilemma game based on the entangled photonic cluster states [2] . There are many paradoxes and unsolved problems associated with quantum information [1] and the study of quantum game theory is a useful tool to explore this area. Another motivation is that in the area of quantum communication, optimal quantum eavesdropping can be treated as a strategic game with the goal of extracting maximal information [10, 12] . It has also been suggested that a quantum version of the Monty Hall problem may be of interest in the study of quantum strategies of quantum measurement [10, 13] .
The classical Monty Hall problem has raised much interest because it is sharply counter-intuitive. From an informational point of view, it clearly illustrates the case where a null operation provides the information about the system. In the classical Monty Hall game [14, 15] the host Bob secretly selects one door of three behind which to place a prize. The player Alice picks a door. Bob then opens another door where there is no prize. Alice now has the option of sticking with his current selection or changing to the untouched door. Classically, the opti- * sp17ms070@iiserkol.ac.in † bkb18rs025@iiserkol.ac.in ‡ pprasanta@iiserkol.ac.in mum strategy for Alice is to alter her choice of door and this, surprisingly, doubles her chance [14] of winning the prize from 
II. QUANTUM MONTY HALL GAME
A number of researchers have contributed towards the quantization of Monty Hall problem [2, 16, 17] . For the Monty Hall game where both participants can apply quantum strategies, it has been observed that maximal entanglement of the initial states results the same payoffs as compared to the the classical game. The game is called to be fair, when the host, Bob, has access to a quantum strategy while Alice does not. Even if Bob can adopt a strategy with an expected payoff of 1 2 for each person, Alice can win all the time if she has access to a quantum strategy and Bob does not. Non-entangled initial states produce the payoffs as the classical case as expected. Under certain operations, it is also possible for Bob to win the game with payoff 1 [10] . Similar results have been recreated by D'Ariano et al. [17] by using density matrices and the concept of quantum notepads. Kurzyk and Glos [18] have used an entangled state between Alice's first choice and the position of the prize. Using Bayesian networks, they have shown that the entanglement of quantum states has influence on the results of reasoning, and that there exists a quantum state for which the Monty Hall game is fair under the assumption that Bob and Alice do not have access to quantum strategies. Our present purpose here is to advance a different quantum version of the Monty Hall problem and to develop a quantum circuit [16] so that it can be designed on a quantum computer and any user can play it. The following initial assumptions are taken to proceed;
• Door D1 is denoted by |00
• Door D2 is denoted by |01
• Door D3 is denoted by |10
Step-1: Before the game starts, Bob has classical information with regards to the door, behind which the prize is present. The first three qubits in the quantum circuit represents the three doors D1, D2, and D3 that are initialized in state |0 . If the prize is present in any of the doors then the state of the corresponding qubit changes to |1 state. We denote the Bob's state by the qubits B1 and B2 (Fig. 1) .
Step-2: Applying two Hadamard gates (H) on Bob's two qubits (|00 B1B2 ) each prepared in |0 state, we create a superposition of |00 , |01 , |10 and |11 states. Since we need superposition of only three states for representing the three doors' states, we remove |11 state by using a controlled-Hadamard gate (CH B1B2 ), where B1 qubit acts as the control and B2 qubit as the target.
Step-3: Now Alice chooses one of the three doors. Her choice can be any one from the following cases:
• If Alice chooses D1 i.e. |00 , then |00 state needs to be removed from Bob's state, which can be achieved by using anti-controlled-Z (ACZ B1B2 ) and anticontrolled-Hadamard (ACH B1B2 ) gates. Now, the states with Bob are superposition of |01 and |10 .
• If Alice chooses D2, i.e. |01 , an anti-controlledHadamard (ACH B1B2 ) will be applied on the Bob's qubit resulting a superposition of (|00 and |10 ) states.
• If Alice chooses D3, i.e. |10 , Bob's state needs to be in superposition of |00 and |01 states, which is achieved by applying anti-controlled-Hadamard (H B2B1 ) gate.
Step-4: Here in this step, we make the following assumption, i.e., whenever Bob has the option of removing more than one states (i.e, opening more than one doors), he chooses to remove the state, i.e., opens the lowest door available to him (D1<D2<D3). According to the rule of the game, at first attempt of Alice, Bob would not open the door as asked by her, and also would open the door where there is no prize. However, in the second attempt of Alice, Bob has to follow her and exactly open the door as asked by her. According to the above rule, the following three cases can be considered depending upon the presence of prize in any of the doors;
Case-4A: Alice chooses D1:
• The prize is in D3 (the state of the first three qubits (|D1D2D3 = |001 ), then Bob opens the door D2 i.e., removes |01 state using anti-controlledHadamard (ACH B1B2 ) operation and Alice is left with a superposition state (|A3A4 ) of |00 and |10 .
• The prize is in D2 (|010 ), then Bob opens the door D3, i.e., removes the |10 state using anticontrolled-Hadamard ACH B2B1 . Hence Alice is left with superposition of |00 and |01 states, i.e,
• The prize is in D1 (|010 ), then Bob opens D2 i.e., removes the |01 state using an anti-controlledHadamard H B1B2 operation. Thus Alice's state be-
Case-4B: Alice chooses D2:
• The prize is in D3 (|001 ), then Bob opens D1 i.e., |00 is removed using anti-controlled-Z (ACZ B1B2 ) and anti-controlled-Hadamard (ACH B1B2 ) operations and Alice is left with a superposition state of |01 and |10 .
• The prize is in D2 (|010 ), then Bob opens D1 i.e., removes |00 state using anti-controlled-Z gate (ACZ B1B2 ) and anti-controlled-Hadamard (ACH B1B2 ) operations and Alice has the superposition state of |01 and |10 .
• The prize is in D1 (|010 ), then Bob opens the door D3 i.e., removes |10 state using anti-controlledHadamard (ACH B2B1 ) and Alice's state remains in superposition of |00 and |01 .
Case-4C: Alice chooses D3:
• The prize is in D3 (|001 ), then Bob opens D1 i.e., |00 is removed using anti-controlled-Z (ACZ B1B2 ) and anti-controlled-Hadamard (ACH B1B2 ) operations and Alice has the superposition of |01 and |10 .
• The prize is in D2 (|010 ), then Bob opens D1, i.e., |00 is removed using anti-controlled-Z (ACZ B1B2 ) and anti-controlled-Hadamard (ACH B1B2 ) operations and Alice has the superposition of |01 and |10 .
• The prize is in D1 (|010 ), then Bob opens D2, i.e., |01 is removed using anti-controlled-Hadamard (ACH B1B2 ) and Alice has the superposition of |00 and |10 .
Step-5: An entanglement is created between the two states of Bob and Alice, which allows restricted information to be communicated to Alice (Bob communicates to Alice the state that has to be removed).
Step-6: The three super positions left with Alice are:
• |00 and |10 -2nd measurement is restricted as Bob has already removed |01 state (i.e, has opened the door D2).
• |01 and |10 -1st measurement is restricted as Bob has already removed |00 state (i.e, has opened the door D1).
• |00 and |01 -3rd measurement is restricted as Bob has already removed |10 state (i.e, has opened the door D3).
Hence controlled measurements are taken. The circuit is simulated and the probabilities of Alice's win are obtained. [See Step 4]
IV. SCHEME-2: DETERMINING ALICE'S WIN OR LOSS
The quantum circuit provided in Fig. 2 depicts the winning or loss of the player, Alice. The details of the scheme is described in the following steps. As shown in the circuit, we take three qubits (|0 D1 |0 D2 |0 D3 ) representing the three doors D1, D2, and D3 if a prize is there or not. For example, if the prize is in the second door D2, the three-qubit state becomes, |010 , i.e., the presence of prize makes the qubit state to |1 . Then four qubits, |0 I11 , |0 I12 , |0 I21 and |0 I22 are used for Alice's inputs, as she has to choose two doors one by one. Her possible inputs are |00 , |01 and |10 . Then we take two qubits (|0 S1 and |0 S2 ) for creating a superposition of |00 , |01 , and |10 states for representing the initial state when no doors are opened. Then three qubits (|0 A1 , |0 A2 and |0 A3 ) are assigned to Alice's qubits, which after the measurement at the end of the quantum circuit, determines whether Alice wins or loose.
The following initial assumptions are taken as the scheme-1 III:
Step-1: We first create a superposition state is created to represent the initial state of the game when no doors are opened. This is done by using Hadamard gates (H) on the qubits (|0 S1 and |0 S2 ). Then applying a controlledHadamard (CH S1S2 ) operation, a superposition of three states |00 , |01 and |10 is prepared.
Step-2: When the prize is in one of the three doors and Alice chooses to open one of the three doors, there are following 9 possible cases to be considered before one of the states is being removed from Bob's state. Here we make an assumption that whenever Bob has the option for opening one or more doors, then he chooses to open the door which is the lowest available to him (D1<D2<D3). According to the rule of the game, at first Bob would not open the door as asked by Alice, and also would not open the door where the prize is present. However, for the second time when asked by Alice, Bob has to open the door asked by her. Keeping in mind the above rule and conditions, the following 9 possible cases (Fig. 3) arise before opening the first door.
Case-2A; Alice chooses D1 |00 :
• Prize is in D3 |10 . Bob opens D2 |01 using anticontrolled-Hadamard (ACH S1S2 ) and Alice has the superposition of |00 and |10 .
• Prize is in D2 |01 . Bob opens D3 |10 using anticontrolled-Hadamard, (ACH S2S1 ) and Alice has superposition of |00 and |01 .
• Prize is in D1 |00 . Bob opens D2 |01 using anticontrolled-Hadamard, (ACH S1S2 ) and Alice has superposition of |00 and |10 .
Case-2B; Alice chooses D2 |01 :
• Prize is in D3 |10 . Bob opens D1 |00 using anticontrolled-Z gate (ACZ S1S2 ) and anti-controlledHadamard (ACH S1S2 ) and Alice has superposition of |01 and |10 .
• Prize is in D2 |01 . Bob opens D1 |00 using anticontrolled-Z gate (ACZ S1S2 ) and anti-controlledHadamard, (ACH S1S2 ) and Alice has the superposition of |01 and |10 .
• Prize is in D1 |00 . Bob opens D3 |10 using anticontrolled-Hadamard, (ACH S2S1 ) and Alice has superposition of |00 and |01 .
Case-2C; Alice chooses D3 |10 :
• Prize is in D3 |10 . Bob opens D1 |00 using anticontrolled-Z gate, (ACZ S1S2 ) and anti-controlledHadamard, (ACH S1S2 ) and Alice has superposition of |01 and |10 .
• Prize is in D2 |01 . Bob opens D1 |00 using antiControlled Z-gate, (ACZ S1S2 ) and anti-controlledHadamard, (ACH S1S2 ) and Alice has superposition of |01 and |10 .
Step-3: Now, for each superposition, there may be four cases. For example, in the superposition of |00 and |01 , i.e. doors D1 and D2 remained to be opened, the possible cases are;
• If prize is in D1, and Alice chooses D1, then she wins.
• If prize is in D1, and Alice chooses D2, then she loses.
• If prize is in D2, and Alice chooses D1, then she loses.
• If prize is in D2, and Alice chooses D2, then she wins.
For our scheme, we only consider the winning cases. In the cases Alice loses, the superposition states do not correspond to the state of the doors, and hence an Identity-I operation is performed on the ancilla state, resulting in no change in their states.
Case-A; When the prize is either in D1 |00 or D2 |01 :
• When the prize is in D1 |00 and Alice chooses D1, an anti-controlled-Hadamard (ACH S1S2 ) is applied on the superposition state of |00 and |01 , after which X gate is applied on the second qubit to get |01 state.
• When the prize is in D2 |01 and Alice chooses D2, an anti-controlled-Hadamard (ACH S1S2 ) is applied on the superposition state of |00 and |01 to get |00 state.
Then two four-qubit-controlled-Not operations (the circuit in green in Fig. 2 ) are applied to the first ancilla qubit (|0 A1 ). If the ancilla qubit after the measurement is changed to |1 state, then Alice wins. Case-B; When the prize is either in D1 |00 or D3 |10 :
• When the prize is in D1 |00 and Alice chooses D1, an anti-controlled-Hadamard (ACH S2S1 ) is applied on the superposition state of |00 and |01 , after which X gate is applied on the first qubit to get |10 state.
• When the prize is in D3 |10 and Alice chooses D3, an anti-controlled-Hadamard (ACH S2S1 ) is applied on the superposition state of |00 and |01 to get |00 state.
Then two four-qubit-controlled-Not operations (the circuit in blue in Fig. 2 ) are applied to the second ancilla qubit (|0 A2 ). If the ancilla qubit after the measurement is changed to |1 state, then Alice wins. Case-C; When the prize is either in D2 |01 or D2 |10 :
• When the prize is in D2 |01 and Alice chooses D2, a controlled-NOT gate (CNOT) is applied on the superposition state of |01 and |10 , after which Hadamard gate (H) is applied on the first qubit to get |01 state.
• When the prize is in D3 |10 and Alice chooses D3, a controlled-NOT gate (CNOT) is applied on the superposition state of |01 and |10 , after which Hadamard gate (H) is applied on the first qubit to get |01 , which is further acted on by X gates on both the qubits, to get |10 state.
Then two four-qubit-controlled-Not operations (the circuit in purple in Fig. 2 ) are applied to the third ancilla qubit (|0 A3 ). If the ancilla qubit after the measurement is changed to |1 state, then Alice wins.
After the measurement of all the three ancilla qubits, if the outcomes is any of the states out of |100 , |010 and |001 states, then Alice wins otherwise looses.
V. CONCLUSION
To conclude, we have presented a new scheme for the quantum version of the Monty Hall problem. We wish to bring to light the main features in which our present quantum version of the Monty Hall problem differs from the other quantum versions already discussed in the literature. It has similarities with the work of Flitney and Abbott (2002) [10] , Khan et al. (2010) [2] and Kurzyk and Glos (2016) [18] . However our scheme is different in the way that we have created a maximally entanglement pair between Alice and Bob in the latter part of the circuit. While earlier versions of this quantum game is modelled on the basis of a composite quantum system consisting of three qutrits: one associated with the location of the prize, a second one corresponding to Alice's choice and a third one associated with Bob's choice. In our discussed protocol, we have assigned states to the doors, while Alice and Bob perform operations on the doors, depending on certain restrictions.
It is shown that a fair two-party zero-sum game can be carried out if a player is permitted to adopt quantum measurement strategy, while in classical situation, the other player can always win with high probability [13] . Since we have been able to design a circuit for a qutrit state using qubits, we have paved the path for future work in designing algorithms for quantum games and implementing circuits for the same. Further we would like to work on implementing quantum circuits for other games like the Prisoner's dilemna and other Bayesian games. Also, any two player game can be extended to three-player games and further to n-player games in general. Quantum games can be used to understand various other interesting systems like Optical networks, besides others [20] . We are also interested in the experimental realization of the quantum Monty Hall problem and other games [21] . We also wish to increase the efficiency of our circuit by working on error correction and better algorithms [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Studying quantum games and quantum problems like the Monty Hall problem motivates to develop advanced techniques more suited to contemporary practical problems. 
